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Abstract
We study a quantum spherically symmetric object which is based on radial plasma oscillations.
Such a plasmoid is supposed to exist in a dense plasma containing electrons, ions, and neutral
particles. The method of creation and annihilation operators is applied to quantize the motion
of charged particles in a self-consistent potential. We also study the effective interaction between
oscillating particles owing to the exchange of a virtual acoustic wave, which is excited in the
neutral component of plasma. It is shown that this interaction can be attractive and result in the
formation of ion pairs. We discuss possible applications of this phenomenon in astrophysical and
terrestrial plasmas.
1 Introduction
The studies of quantum effects in the dynam-
ics of charged particles in dense plasmas is a
rapidly developing branch of the modern plasma
physics [1]. Numerous effects such as the be-
havior of quantum dots [2], the exciton dynam-
ics [3] etc, unusual for classical systems, were
recently reported to exist when quantum dy-
namics is taken into account. Note that quan-
tum effects in astrophysical plasmas are also im-
portant in the evolution of compact stars (see,
e.g., Ref. [4]). However, as it was mentioned in
Ref. [5], still there is a lack of understanding how
to correctly account for the quantum dynamics
in plasma physics. In particular, a careful anal-
ysis of applicability of any of the approaches for
the description of quantum plasmas should be
made.
In the present work we shall discuss the quan-
tum dynamics of a certain class of plasma ob-
jects. We shall study a spherically symmetric
plasmoid based on radial oscillations of charged
particles. Note that such a configuration of
plasma oscillations was previously analyzed in
connection to the studies of the Langmuir waves
collapse [6]. We also mention that spherically
symmetric plasma oscillations can be a theoret-
ical model of stable natural plasmoids [7, 8, 9,
10, 11].
We start in Sec. 2 with the formulation of a
model for a quantum spherical plasmoid based
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on radial plasma oscillations. Then, in Sec. 3,
the motion of charged particles is quantized us-
ing the general ideas of Sec. 2. In Sec. 4 we carry
out a quantization of acoustic waves which are
excited in the neutral component of plasma ex-
isting in our system. We describe the effective
interaction between charged particles owing to
the exchange of an acoustic wave and analyze
when this interaction can be attractive in Sec. 5.
In Sec. 6 we study the possibility of the forma-
tion of bound states of oscillating charged par-
ticles in a spherical plasmoid. Finally, in Sec. 7
some applications are considered. In Sec. 8 we
briefly summarize our results.
2 Model of a quantum plas-
moid
One of the main approaches for the quantita-
tive studies of quantum effects in dense plasmas
consists in accounting for the quantum pressure
term in the Euler equation, i.e., for instance, the
pressure becomes [12],
p→ p− ~
2
2m2
√
n
∇2√n, (1)
wherem is the particle mass and n is the number
density. Note that the modification (1) is likely
to account for small corrections to the dynam-
ics of classical plasmas. For example, there is
an additional term in the dispersion relation for
Langmuir plasma waves, ω2 = ω2cl(q)+~
2q4/4m2e
(see, e.g., Ref. [13]), where ω is the frequency
of plasma oscillations, ωcl(q) is the classical dis-
persion relation, me is the electron mass, and
q is the wave vector. Thus this approach for
the description of the plasma dynamics seems
to be the quasi-classical method for the studies
of quantum effects in plasma physics. Therefore,
to describe the dynamics of a strongly correlated
system of charged particles, this method is un-
likely to be valid and the new approach has to
be developed.
If we are interested in the studies of a quantum
object based on oscillations of charged particles
in plasma [9], the main problem in this descrip-
tion is the construction of a ground state of this
many body system. The ground state based on
the particles wave functions taken in the form of
plane waves, as it is typically made in the con-
densed matter physics, is inappropriate since it
does not fully reflect the dynamical features of
the system. Thus we should build the ground
state using the wave functions corresponding to
the oscillatory motion of charged particles.
The dynamics of plasma oscillations on the
classical level was studied in Ref. [14] using the
Lagrange variables method. In this formalism,
the time evolution of a particular charged parti-
cle is analyzed. It was found that the separation
of positive and negative charges in plasma re-
sults in the appearance of oscillations of light-
est charged particles, i.e. electrons, with the
Langmuir frequency ωe =
√
4pie2n
(0)
e /me, where
e > 0 is the proton charge and n
(0)
e is the equi-
librium number density of electrons. It means
that the equation of motion of an electron has
the form,
r¨ = −ω2er. (2)
Thus one can suggest that the perturbed motion
of a single electron in plasma is governed by the
quadratic potential V (r) = meω
2
er
2/2. In this
case one can reproduce the classical equation of
motion (2).
We should also mention that the idealized pic-
ture described above when only electrons par-
ticipate in plasma oscillations is never imple-
mented. In a realistic case ions are also in-
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volved in the plasma motion. We can consider
ion-acoustic waves as an example of ion oscilla-
tions in plasma. The dispersion relation for these
waves reads [15],
ω(q) = ωi
λD|q|√
1 + λ2D|q|2
(3)
where ωi = ωe
√
me/mi is the Langmuir fre-
quency for ions, λD =
√
kBTe/4pie2n
(0)
e is the
Debye length, Te is the electron temperature,
and kB is the Boltzmann constant. Considering
rather short waves with |q| ≫ 1/λD we get that
ω ≈ ωi. Note that the damping of such waves is
small [15].
The oscillatory motion of ions can be also
excited when various electron-ion and electron-
electron nonlinearities are taken into account
(see, e.g., Refs. [6, 16, 17]). It makes Eq. (2)
highly nonlinear. As a rule, these nonlineari-
ties reduce the frequency of electron oscillations.
In this case we can assume that electrons still
perform oscillatory motion but with another fre-
quency ω0 < ωe. Note that, in some cases, quan-
tum effects can be more strongly marked for ions
rather than for electrons [18].
Thus we will take that the motion of a charged
particle in plasma is governed by the potential
V (r) = mω20r
2/2, where m stays for the electron
or ion mass and ω0 is the oscillations frequency of
charged particles. As we mentioned above, oscil-
lations of ions should be treated as the collective
effect.
Let us assume that the dynamics of charged
particles in a quantum plasmoid is also deter-
mined by the same potential V (r). Using this as-
sumption, the construction of the ground state of
this plasma structure will be made in Sec. 3. Of
course, to have a correlated many particles sys-
tem, the typical size of such an object should be
quite small. We shall obtain some estimates of
the length scale of these plasmoids in Sec 7. Note
that, in Ref. [14], the cases of planar, cylindrical,
and spherical plasma oscillations were studied.
In our work we will be mainly concentrated on
the description of spherically symmetric quan-
tum plasmoids.
3 Quantization of the charged
particles motion
To describe the quantum dynamics of a parti-
cle in plasma we choose the Schro¨dinger pic-
ture, i.e. the operators of observables will be
time independent. If we study the stationary
states of particles, with the total wave function
∼ exp (−iEt
~
)
ψ, where E is the particle energy,
then the Schro¨dinger equation for the coordinate
wave function ψ has the form,
Eψ = Hˆfqψ, Hˆfq = − ~
2
2m
∇2 + mω
2
0r
2
2
, (4)
where we take into account that particles in a
plasmoid move in the potential V (r), defined in
Sec. 2.
We shall be interested in the spherically sym-
metric solutions of Eq. (4). Using the results of
Ref. [19] we can express the properly normalized
total wave function in the following form:
ψnσ(r) =
1√
4pi(2n + 1)!
(−1)n
2n
×
(
m3ω30
pi~3
)1/4
exp
[
−mω0
2~
r2
]
×H2n+1
(√
mω0
~
r
)
√
mω0
~
r
χσ, (5)
where Hn(z) is the Hermite polynomial, χσ is
the spin wave function, and σ = ±1 is the spin
3
variable. Quantum states, described by the wave
functions (5), have the energies,
En = ~ω0
(
2n+
3
2
)
, (6)
where n = 0, 1, 2, . . . is the radial quantum num-
ber.
To secondly quantize the system, we introduce
the operator valued wave functions,
ψˆ(r) =
∑
nσ
aˆnσψnσ(r), (7)
where aˆnσ is the annihilation operator. One can
also write down the analogous expression for the
Hermitian conjugate wave function which will
contain the creation operator aˆ†nσ. We shall sup-
pose that ions are half integer spin particles, i.e.
they are fermions like electrons. Thus, the op-
erators aˆnσ and aˆ
†
nσ satisfy the canonical anti-
commutation relation
[
aˆnσ, aˆ
†
n′σ′
]
+
= δnn′δσσ′
for both electrons and ions.
Using Eqs. (4) and (5) we can express the total
energy of the system of charged particles as
Ecp =
∫
d3rψˆ†(r)Hˆfqψˆ(r)
=
∑
nσ
Enaˆ
†
nσaˆnσ. (8)
Finally we replace the total energy
Ecp → Hˆcp =
∑
nσ
Enaˆ
†
nσaˆnσ, (9)
with the secondly quantized Hamiltonian.
Now we can calculate the energy, E0, of the
ground state of the system. If the total number
of particles, N , is even, using Eq. (9) we get for
E0,
E0 =2
nF∑
n=0
~ω0
(
2n+
3
2
)
= 2~ω0
(
n2F +
5
2
nF +
3
2
)
. (10)
If N is odd, we analogously obtain that
E0 =2
nF−1∑
n=0
~ω0
(
2n+
3
2
)
+ ~ω0
(
2nF +
3
2
)
= 2~ω0
(
n2F +
3
2
nF +
3
4
)
, (11)
Note that, if N → ∞, both Eqs. (10) and (11)
approach the same limit E0 → 2~ω0n2F. Here
nF stays for the maximal number of an occupied
energy level. We can call it the Fermi number,
in the analogy to the Fermi momentum.
Let us define the effective size of a plasmoid,
R, as the position of the last maximum of the
function |ψnF(r)|2. If nF is great, this max-
imum is approximately achieved at the classi-
cal turn point [20], i.e. when ~ω0 (2nF + 3/2) =
mω20R
2/2. Accounting for this fact, we get that
nF ≈ mω0R
2
4~
. (12)
Using Eq. (12) we can express the ground state
energy in terms of the plasmoid radius as E0 ≈
m2ω30R
4/8~.
Note that our plasmoid model is based on the
linear approximation of noninteracting particles.
It corresponds to the Hartree-Fock approxima-
tion. As we mentioned in Sec. 2, if we account
for various (classical or quantum) electron-ion
and electron-electron interactions, it will lead to
the nonlinear terms in the equation of motion (2)
of a particle and impose a certain length scale in
4
the system (see, e.g., Refs. [16, 17]). One the
examples of such interaction is later discussed in
Sec. 5.
The ground state of a spherical plasmoid was
constructed under the assumption of the negligi-
ble particle temperature. The temperature cor-
rections will wash out the lowest energy levels
with En . kBT , where T is the electron or ion
temperature. Taking into account the fact that
particles possessing the lowest energy levels are
concentrated near the center of a plasmoid, it
means that plasma oscillations are the most in-
tensive in a spherical shell. The internal radius
of this shell is determined by the thermal effects
and the external one by the nonlinear interac-
tions between particles. Such kind of the spher-
ical plasmoid structure is in agreement with the
numerical simulations made in Ref. [17]
4 Quantization of the acoustic
field
As we mentioned in Sec. 3, the temperature in
plasma should be not quite high for the exis-
tence of a spherical quantum plasma structure.
It means that, along with the charged parti-
cles, there should be a quite significant frac-
tion of neutral atoms or molecules in plasma.
Plasma oscillations will inevitably result in col-
lisions with neutral atoms leading to the gener-
ation of acoustic waves. In this Section we shall
quantize acoustic waves inside a spherical plas-
moid.
The hydrodynamics equations, which govern
the acoustic waves propagation, have the form,
∂nn
∂t
+∇(nnvn) = 0,
∂vn
∂t
+ (vn∇)vn + 1
nnmn
∇pn = 0, (13)
where nn is the number density of neutral par-
ticles, vn is the neutral gas velocity, pn(nn) is
the pressure of the gas, and mn is the neutral
particle mass.
Let us expand the parameters nn, vn, and pn
as
nn =n
(0)
n + n1 + · · · ,
vn =v1 + · · · ,
pn =p
(0)
n +
(
∂pn
∂nn
)
0
(nn − n(0)n ) + · · · , (14)
where n
(0)
n and p
(0)
n are the equilibrium values
of the number density and the pressure as well
as n1 and v1 are the small perturbations of the
number density and the velocity. Using Eqs. (13)
and (14) we get two independent wave equations
for n1 and v1,
∂2v1
∂t2
− c2s∇(∇ · v1) = 0, (15)
∂2n1
∂t2
− c2s∇2n1 = 0, (16)
where
cs =
1
m
1/2
n
√(
∂pn
∂nn
)
0
, (17)
is the sound velocity. Although we linearize
Eq. (14), the influence of charged particles on the
neutral component of plasma can be accounted
for by renormalizing the sound velocity (17),
which is regarded as a phenomenological param-
eter.
The spherically symmetric solution of Eq. (16)
has the form,
n1(r, t) = e
−iωktfk(r), fk(r) =
sin kr
kr
, (18)
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where ωk = csk. Note that the coordinate func-
tion obeys the following identities:∫
d3r
(2pi)3
fk(r)fp(r) =δ
3(k− p),∫
d3k
(2pi)3
fk(r)fk(r
′) =δ3(r− r′), (19)
where delta-functions should be understood as
δ3(k− k′) = δ(k − k′)/4pik2.
Following Ref. [21], we introduce the potential
of the velocity as v1 = ∇ϕ1. Using Eqs. (15)-
(18) we obtain the general expressions for n1 and
ϕ1 as
n1(r, t) =
∫
d3k
(2pi)3/2
(
~n
(0)
n
2mnωk
)1/2
× kfk
(
bke
−iωkt + b†ke
iωkt
)
,
ϕ1(r, t) =
∫
d3k
(2pi)3/2
(
~
2mnn
(0)
n ωk
)1/2
× csfk
(
−ibke−iωkt + ib†keiωkt
)
, (20)
where bk and b
†
k are the Fourier coefficients.
The total energy of the acoustic field has the
form,
Eph =
1
2
∫
d3r mn
[
n(0)n ∇ϕ21 +
c2s
n
(0)
n
n21
]
. (21)
Now, if we replace bk and b
†
k in Eq. (20) by
the annihilation and the creation operators, bˆk
and bˆ†k, we can express Eph, which should be re-
garded as the secondly quantized Hamiltonian of
the phonon field, in the following way:
Eph → Hˆph =
∫
d3k ~ωk bˆ
†
kbˆk
+ divergent terms. (22)
To derive Eq. (22) we suggest that the operators
bˆk and bˆ
†
k obey the canonical commutation rela-
tion for bosonic operators, [bˆk, bˆ
†
k′ ]− = δ
3(k−k′).
Note the “divergent terms” in Eq. (22), contain-
ing δ(0), can be removed by the normal ordering
of operators.
Note that, in this Section, we used the Heisen-
berg picture where operators turn out to be
time dependent, cf. Eq. (20). Using results of
Ref. [22] one can express these operators in the
Schro¨dinger picture, which will be used in Sec. 5.
Such a transformation is equivalent to setting
t = 0 in Eq. (20).
5 Interaction between charged
particles and acoustic waves
We have already mentioned in Sec. 4 that
charged particles can interact with neutral
atoms, which are present in the system. Thus
charged particles should also interact with acous-
tic waves, which are generated by spherically
symmetric plasma oscillations. In this Section
we derive the secondly quantized Hamiltonian
which describes this interaction. Then we ex-
clude the acoustic part of the total Hamiltonian
and reduce it to the nonlinear charged particles
Hamiltonian.
We suggest that charged particles scatter off
the density perturbations of neutral atoms or
molecules. Thus the energy of the interaction
of a charged particle with an acoustic field has
the form [23],
V (r) =
∫
d3r′ K(r− r′)n1(r′), (23)
where K(r− r′) is the energy of the interaction
between a charged particle placed at r and a neu-
tral particle which is at r′. Using Eq. (23) we
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can derive the secondly quantized Hamiltonian
of the interaction between charged particles and
acoustic waves as
Hˆcp−ph =
∫
d3rψˆ†(r)V (r)ψˆ(r)
= K0
∫
d3rψˆ†(r)ψˆ(r)nˆ1(r), (24)
where ψˆ and nˆ1 are given in Eqs. (7) and (20)
respectively. To derive Eq. (24) we suggest that
K(r − r′) = K0δ3(r − r′). This approxima-
tion corresponds to a contact interaction be-
tween charged and neutral particles.
Using Eqs. (7) and (20) we can cast Hˆel−ph to
the form,
Hˆcp−ph =
∫
d3k
(2pi)3/2
∑
nsσ
Dns(k)
× aˆ†nσaˆsσ
(
bˆk + bˆ
†
k
)
, (25)
where
Dns(k) =K0k
(
~n
(0)
n
2mnωk
)1/2
×
∫
d3r ψn(r)ψs(r)fk(r), (26)
is the matrix element. With help of Eqs. (5)
and (18) we can compute Dns(k) at big n and s
in the explicit form,
Dns(k) ≈ K0
4(ns)1/4
(
n
(0)
n mω0
2mnωk
)1/2
× [sign(2√n− 2√s+ ξ)
+ sign(2
√
n+ 2
√
s− ξ)
− sign(2√n− 2√s− ξ)− 1], (27)
where ξ = k
√
~/mω0.
To exclude the acoustic degrees of freedom we
make the canonical transformation of the Hamil-
tonian in Eq. (25),
Hˆcp−ph → e−SˆHˆcp−pheSˆ ,
Sˆ =
∫
d3k
(2pi)3/2
∑
nsσ
Dns(k)aˆ
†
nσ aˆsσ
×
(
bˆk
Es − En − ~ωk
+
bˆ†k
Es − En + ~ωk
)
. (28)
It can be seen that, after this transformation,
the total Hamiltonian, Hˆ = Hˆ0+ Hˆcp−ph, trans-
forms into Hˆ → Hˆ0 + 12 [Hˆcp−ph; Sˆ], where Hˆ0 =
Hˆcp + Hˆph. Averaging over the acoustic ground
state and assuming that there are no external
phonons, we get the total Hamiltonian in the
form,
Hˆ =
∑
nσ
Enaˆ
†
nσaˆnσ
+
∫
d3k
(2pi)3
∑
nn′ss′σσ′
Dns(k)Dn′s′(k)
× aˆ†nσaˆ†n′σ′ aˆs′σ′ aˆsσ
× ~ωk
(Es − En)2 − (~ωk)2 . (29)
Note that the Hamiltonian (29) contains both
the free charged particles term and the interac-
tion between charged particles owing to the vir-
tual acoustic wave exchange. Let us examine
when this effective interaction can be attractive.
We remind that charged particles in a plasmoid
oscillate with a rather high frequency ∼ ω0. In
collisions with neutral atoms these charged parti-
cles will generate acoustic waves with the typical
frequency ∼ ω0 [24]. It means that the phonon
7
energy in Eq. (29) is ~ωk ∼ ~ω0. Using Eq. (6)
we get that En ∼ ~ω0n. It means that the effec-
tive interaction can be attractive only if Es = En
or s = n. Thus there is an attraction between a
pair of charged particles which are at the same
energy level.
6 Bound states of charged par-
ticles
In the previous Section we have found that the
exchange of a virtual acoustic wave can result
in the attractive interaction between oscillating
charged particles in plasma. In this Section we
study this process in details and show that un-
der certain conditions charged particles can form
pairs.
Before we proceed it should be noted that
charged particles with parallel spins cannot oc-
cupy the same energy level, because of the Pauli
principle. We remind that ions in our system are
supposed to be fermions. Thus we should ex-
clude the contribution of charged particles with
parallel spins from the effective interaction (29).
It mean that the summation in the nonlinear
term should be made over the opposite spin in-
dexes σ′ = −σ.
We should also mention that up to now we
studied the case of constant number of parti-
cles. To avoid this restriction, we use the stan-
dard technique of shifting the energy levels En →
en = En − µ, where µ is the chemical potential
of the system. Now the number of particles can
change, but we should calculate the chemical po-
tential.
Finally, taking into account all these com-
ments we can transform the Hamiltonian (29)
to the following form:
Hˆ =
∑
nσ
enaˆ
†
nσaˆnσ
−
∑
nn′σ
Fnn′ aˆ
†
nσaˆ
†
n′,−σaˆn′,−σaˆnσ, (30)
where the new matrix element can be explicitly
calculated on the basis of Eq. (27) as
Fnn′ =V0
√
n+
√
n′ − |√n−
√
n′|√
nn′
,
V0 =
K20n
(0)
n
8pi2mnc2s
(mω0
~
)3/2
. (31)
It is worth mentioning that Fnn′ > 0 for any n
and n′. It means that the effective interaction
described by the Hamiltonian (30) is really at-
tractive.
To diagonalize the Hamiltonian (30) we intro-
duce the new operators Aˆ0n and Aˆ1n by means
of the Bogolyubov transformation,
aˆn+ =unAˆ0n + vnAˆ
†
1n,
aˆn− =unAˆ1n − vnAˆ†0n, (32)
where the real coefficients uk and vk satisfy the
relation u2n + v
2
n = 1. Note that the new oper-
ators obey the canonical anticommutation rela-
tions for fermion operators. Substituting these
operators in Eq. (30) we get the Hamiltonian in
the form,
Hˆ = E′0 + Hˆ2 + Hˆ
′
2 + . . . , (33)
where
E′0 = 2
∑
n
v2n
[
en − Fnnu2n
]
, (34)
is the ground energy,
Hˆ2 =
∑
n
[
en
(
u2n − v2n
)
+ 4Fnnu
2
nv
2
n
]
×
(
Aˆ†1nAˆ1n + Aˆ
†
0nAˆ0n
)
, (35)
8
is the energy of the new quasiparticles, and
Hˆ ′2 =2
∑
n
unvn
[
en − Fnn
(
u2n − v2n
)]
×
(
Aˆ1nAˆ0n + Aˆ
†
0nAˆ
†
1n
)
, (36)
is the nondiagonal part of the quasiparticles in-
teraction. Note that in Eq. (33) we omit terms
higher than quadratic ones.
The nondiagonal interaction (36) can be van-
ishing in two cases. Firstly, when either un = 1
and vn = 0 or un = 0 and vn = 1. It corresponds
to the trivial solution, which is equivalent to the
transition to the particles-holes representation.
Note that the ground state energy (34) is not
negative for this trivial solution: E′0 ≥ 0.
The second situation is implemented if the
attraction between charged particles is rather
strong, i.e. when
Fnn > |en|. (37)
In this case we can choose the coefficients uk and
vk as
u2n =
1
2
(
1 +
en
Fnn
)
,
v2n =
1
2
(
1− en
Fnn
)
. (38)
The ground state energy (34) now becomes neg-
ative,
E0 = −
∑
n
(Fnn − en)2
2Fnn
< 0. (39)
It means that the state of the system, corre-
sponding to the new quasiparticles, is more fa-
vorable energetically than in the trivial case dis-
cussed above. The diagonal part of the Hamil-
tonian (35) has the form,
Hˆ2 =
∑
n
Fnn
(
Aˆ†1nAˆ1n + Aˆ
†
0nAˆ0n
)
. (40)
Using Eqs.(31) and (40) one can find the energy
of quasiparticles E′n = 2V0/
√
n.
The chemical potential of the system can be
calculated using the expression N = 〈Φ′0|Nˆ |Φ′0〉,
where |Φ′0〉 is the wave function of the ground
state satisfying the conditions
Aˆ0n|Φ′0〉 = 0, and Aˆ1n|Φ′0〉 = 0, (41)
and
Nˆ =
∑
nσ
aˆ†nσaˆnσ, (42)
is the number of particles operator.
Using Eqs. (32), (38), (41), and (42) we can
express the number of particles as
N = 2
∑
n
v2n =
∑
n<n′
F
(
1− en
Fnn
)
, (43)
where the bound of the new state in the energy
space, n′F, is defined by Eq. (37). The quantity
n′F is analogous to the Fermi number introduced
in Sec. 3. Basing on Eqs. (6) and (43) we get the
system of equations,
N =
n′F
3
+
4
15
n
′5/2
F
~ω0
V0
,
µ =~ω0
(
2n′F +
3
2
)
− 2V0√
n′F
, (44)
which define the quantities n′F and µ as functions
of N . To derive Eq. (44) we use the approximate
identity,
∑
n<n′
F
nα ≈
∫ n′
F
0
nαdn =
(n′F)
α+1
α+ 1
, (45)
which is valid at big n′F.
The analysis of this Section shows that the
exchange of a virtual acoustic wave between os-
cillating charged particles in a quantum spheri-
cal plasmoid results in the formation of pairs of
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these particles. There is a pairing of particles
with oppositely directed spins. These particles
should be at the same energy level. Note that
this new state of plasma has less energy of the
ground state compared to the situation of un-
paired particles. This process is analogous to
the formation of Cooper pairs of electrons in a
metal. We remind that, if the temperature of a
metal is significantly low, two electrons can form
a bound state owing to the exchange of a virtual
phonon, which is a quanta of the vibration of a
crystal lattice of a metal. This process underlies
the phenomenon of superconductivity.
Note that besides the oppositely directed
spins, two electrons in a metal should have op-
posite momenta [25]. In our case the situation is
analogous. Indeed, at big radial quantum num-
bers, n ≫ 1, the asymptotic expansion of the
charged particles wave function (5) can be ex-
pressed as
ψn(r) ∼1
r
sin
(
2
√
mω0n
~
r
)
=
1
2ir
[
exp
(
2i
√
mω0n
~
r
)
− exp
(
−2i
√
mω0n
~
r
)]
. (46)
Eq. (46) means that any steady state of a
charged particle in a spherical plasmoid is a su-
perposition of converging and divergent spherical
running waves. The pairing of two charged par-
ticles with opposite spins happens between the
states corresponding to the running waves with
opposite momenta.
Let us demonstrate by means of the explicit
calculation that the formation of a bound state
of two charged particles is possible in our system.
Suppose that there is the state of two charged
particles having opposite spins,
|Ψ〉 =
∑
n
cnaˆ
†
n,+aˆ
†
n,−|Φ0〉, (47)
where cn are the expansion coefficients and |Φ0〉
is the ground state corresponding to the filled
lowest energy states: aˆnσ|Φ0〉 = 0, cf. Sec. 3.
Using the Hamiltonian (30) we can show that
the energy corresponding to the state (47) is
EΨ = 〈Ψ|Hˆ|Ψ〉 = 2
∑
n
(En − Fnn) |cn|2, (48)
where En is given by Eq. (6). Thus the energy of
the state (47) is less than the sum of energies of
two non-interacting charged particles, with Fnn
being the binding energy.
Analyzing Eq. (48) it is interesting to men-
tion that, in contrast to the formation of Cooper
pairs in metal, where bound states are formed
near the Fermi sphere surface, in our case the
pairing of particles happens at all the energy
levels. This fact can be explained by the very
convenient choice of the ground state wave func-
tions (5), which maximally account for the dy-
namical features of the system (see also Sec. 2).
Of course, we should remind that our analysis is
valid for relatively big radial quantum numbers
n.
7 Possible applications
To analyze the possibility of the pairing of
charged particles in a spherically symmetric
plasma structure we can use Eq. (48) which gives
one the energy of the bound state of two particles
with opposite spins. Note that this expression is
valid just before the pairing since it is based on
the ground state |Φ0〉 rather than on |Φ′0〉, de-
fined by Eq. (41). The pairing may happen if
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En < Fnn. Using Eqs. (6) and (31), one obtains
that this constraint is equivalent to
n <
(
V0
~ω0
)2/3
. (49)
Supposing that the Fermi number of a plasmoid
before the pairing, given in Eq. (12), is smaller
than the constraint (49), we get the following
upper bound:
R < Rcr =
(
K20n
(0)
n
pi2~ω0mnc2s
)1/3
, (50)
on the radius of a plasma structure.
Note the constraint (50) is very conservative.
It means that charged particles on all energy lev-
els can form bound states simultaneously. On
the contrary, we may require that only parti-
cles at lower levels form pairs and then this pro-
cess spreads to higher energy states. Thus in a
realistic case the upper bound of plasmoid ra-
dius (50) may be significantly changed towards
its enhancement. However the analysis of the
dynamics of this phase transition requires a sep-
arate special study.
To evaluate the plasmoid radius one should
define K0, which does not depend on the macro-
scopic plasma characteristics. We remind that
we approximated the potential K(r) by a delta-
function. For this kind of potential, using the
Born approximation, one can calculate the to-
tal cross section of the charged particles scatter-
ing off the neutral particles as σs = m
2K20/pi~
4.
Note that in our approximation the cross section
does not depend on the particles energy, which
may not be the case for some realistic potentials.
Let us first examine the possibility of pair-
ing of charged particles inside a spherical plas-
moid in a very dense medium corresponding to
the inner crust of a neutron star (NS). The
number density of neutral particles, i.e. neu-
trons, at the bottom of the inner crust is n
(0)
n ∼
1038 cm−3 [26]. We will be mainly interested
in the studies of the formation of pairs of pro-
tons. The number density of protons in the NS
crust strongly depends on the equation of state
of the NS matter. According to Ref. [27] it can
be about several per cent of the neutron density.
In our estimates we take that n
(0)
p ∼ 1036 cm−3.
Thus we get that at such a density the Lang-
muir frequency for protons is ω0 ∼ 1021 s−1.
The sound velocity also depends on the equation
of state of the nuclear matter. Nevertheless we
may take it as cs ∼ 109 cm · s−1 [28], which cor-
responds to the chosen density of the NS crust.
Protons in the NS crust are highly degenerate.
Their Fermi energy does not exceed several MeV.
At such typical energies the cross section of the
proton-neutron scattering is approximately con-
stant and equals to 2×10−23 cm2 [29]. This fact
justifies the use of the delta-function potential in
Eq. (24). Thus we can also evaluate K0. Finally,
using Eq. (50) we get that protons can form pairs
in a plasmoid with Rcr ≈ 4.6 × 10−12 cm. The
obtained value for the critical radius means that
there can be several hundreds of energy levels
inside the plasmoid. This result is in agreement
with the fact that there can be a proton super-
conductivity in the NS matter [30].
It should be mentioned that besides uniform
dense matter, containing neutrons, protons, and
electrons, nuclei can be also present in the NS
crust. The presence of nuclei can affect the
process of the protons pairing in frames of our
model. However, at the densities corresponding
to the bottom of inner crust, used in our work,
the fraction of nuclei is negligible [31].
Note that the energy corresponding to the ze-
11
roth level, 3~ω0/2, turns out to be of the order
of the Fermi energy for protons. Thus thermal
effects will not influence the plasmoid dynam-
ics. We should also mention that for the pairing
of protons inside the NS matter to happen, the
proton-phonon interaction owing to the acoustic
wave exchange should be dominant. It means
that the electromagnetic interaction of protons
should be screened. Supposing that electrons
in the NS crust are ultrarelativistic, we get for
the Debye length, λD ∼ 10−13 cm, that is much
smaller than the plasmoid radius. Thus the elec-
tromagnetic interaction of protons can be omit-
ted.
It should be noticed that the cross section of
the electron-neutron scattering is several orders
of magnitude smaller than that of the proton-
neutron scattering [32]. Moreover the Langmuir
frequency for electrons is much higher than that
for protons. It means that the critical volume of
a plasmoid becomes too small to contain enough
number of particles. Thus the electron super-
conductivity is unlikely to exist in a spherical
plasmoid inside NS.
Although one might expect that the pairing
of charged particles can happen only in plas-
mas with very high densities, which may be en-
countered only in astrophysical media, we may
discuss the situation when this phenomenon oc-
curs in terrestrial conditions. Let us discuss the
case when a plasmoid appears in liquid water
with n
(0)
n ∼ 1023 cm−3. We suggest that the
number density of singly ionized water ions is
n
(0)
i ∼ 1021 cm−3. The Langmuir frequency for
water ions is ω0 ∼ 1013 s−1. The sound speed
in water is cs ∼ 105 cm · s−1. Note that the to-
tal spin of a neutral water molecule is integer.
Thus, if we study a singly ionized water ion, its
spin should be half integer, i.e. it is a fermion.
Unfortunately, the scattering of water ions on
neutral molecules of water is not very well stud-
ied. Anyway we can assume that the total cross
section of such a scattering cannot be less than
that for electron scattering on water molecules
which can be ∼ 10−14 cm2 in the eV electron
energy range [33]. Thus using Eq. (50) we get
that Rcr ≈ 4.6×10−7 cm. Again we can see that
there are several hundreds of energy levels inside
the plasmoid.
As in case of a plasmoid existing in the crust of
NS, the pairing of electrons in a spherical plasma
structure involving water ions is unlikely to hap-
pen because of the very high frequency of elec-
tron oscillations. The fact that the exchange of
a virtual acoustic wave results in the cohesion
of ions rather than electrons was also noticed in
Ref. [23].
The typical energy of a stochastic motion of an
ion is kBTi ∼ 10−14 erg, where Ti ≈ 300 K is the
ion temperature. Using the above estimate for
the oscillations frequency, we get that the energy
of the zeroth energy level is also ∼ 10−14 erg.
Thus we can disdain the thermal effects in a
spherical plasma structure with water ions. We
can also check that one can neglect the electro-
magnetic interaction between water ions. Tak-
ing the electron temperature of ∼ 103 K (such
a temperature corresponds to 10% of the ioniza-
tion potential of a hydrogen atom), we get that
the Debye length is ∼ 10−8 cm, which is much
less than the plasmoid radius.
We have shown that the pairing of ions is pos-
sible in a plasmoid which is a radial oscillation
of charged particles in plasma. It is also clear
that ions play a subdominant role in plasma os-
cillations because of their low mobility. We may
put forward a hypothesis that the pairing of elec-
trons can also happen provided the frequency of
their oscillations is significantly reduced owing
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to nonlinear electron-electron or electron-ion in-
teractions (see, e.g., Refs. [6, 16, 17]). However,
this issue requires an additional special study.
We described the formation of pairs of wa-
ter ions inside a plasmoid. This process may
result in the appearance of superconducting
phase in plasma. Note that the idea that the
plasma superconductivity may explain the sta-
bility of a natural plasma structure, called ball
lightning (BL) [34], was previously discussed in
Refs. [35, 36]. As we have seen above, for the
pairing of charged particles to happen, the typi-
cal diameter of a plasmoid should be very small,
∼ (10−7 − 10−6) cm. The plasma structures of
the similar size, based on quantum oscillations
of electrons, were studied in Ref. [9]. It should
be noted that previously the magnetic interac-
tion [37] and the exchange of a virtual Lang-
muir wave [38] were considered as possible mech-
anisms which underlie the plasma superconduc-
tivity.
It should be noticed that the existence of the
superconducting state of plasma inside BL can
result in the presence of strong nondecaying elec-
tric currents in this kind of objects. It may ex-
plain the fact that sometimes the appearance of
a natural BL magnetically affected heavy metal-
lic objects like a church bell [39].
The results of our work can applied for the
explanation of the BL creation in natural con-
ditions. It is very difficult to excite a weakly
decaying plasma oscillation. However, if we sup-
pose that the pairing of charged particles in a
quantum plasmoid, and possibly superconduc-
tivity, happens at the initial stages of plasma
structure evolution, one can account for the cre-
ation of BL in a drop of rain water. Moreover
our results may be used in the interpretation of
the experiments with electric discharges in liquid
water [40, 41, 42], where luminous spherical ob-
jects, resembling a natural BL, were generated.
We should also mention that separate tiny
plasmoids, each of them being a radial oscillation
of charged particles, can form a composite object
due to the quantum exchange interaction [43].
Note that the model of a composite BL, which is
confirmed by observations [34], was also recently
discussed in Ref. [44].
8 Conclusion
In conclusion we mention that in the present
work we have developed the theory of quan-
tum spherical plasmoids. Such a plasma struc-
ture is based on radially symmetric oscillations
of charged particles in plasma. The method of
linearized quantum hydrodynamics [1, 5], which
is frequently used to account for quantum effects
in plasmas, seems to be quasi-classical. On the
contrary, our method involves quantum mechan-
ical description of the electrons and ions evolu-
tion in a self-consistent potential which governs
the oscillatory motion of charged particles. Thus
our approach is valid for the description of dense
quantum plasmas where quantum effects are im-
portant.
We have developed a model of quantum plas-
moid which involves the secondly quantized mo-
tion of charged particles. Note that the for-
malism of creation and annihilation operators
was also previously used in plasma physics [45].
In frames of this approach various aspects of
quantum plasma dynamics, like phase transi-
tions [46], the behavior under the influence of
strong laser fields [47], the time evolution in ex-
ternal fields [48], and the particle trapping in
a strong electromagnetic field [49], have been
studied. The recent applications of the nonequi-
librium Green function formalism to the solid
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state physics can be found in Ref. [50]. We also
mention an alternative description of quantum
plasma dynamics, which is based on Monte Carlo
simulations [51]. In the present work for the first
time the have used the second quantization for-
malism for the studies of a confined plasma stric-
ture which has a spherical symmetry.
In Sec. 3 we have applied the general for-
malism to the quantization of charged parti-
cles in a spherically symmetric plasmoid. In
particular we have derived the secondly quan-
tized Hamiltonian (9) and have constructed the
ground state of the system. In our work we have
discussed the situation when, along with oscil-
lating charged particles, there is a neutral com-
ponent in plasma. In Sec. 4 we have secondly
quantized the field of acoustic waves which are
inevitably excited inside a plasmoid. The quan-
tization of a phonon field is necessary since later
we discuss possible applications which involve
phonons propagation in dense media, like nuclear
matter of NS and liquid water, cf. Sec. 7.
Then, in Sec. 5, we have considered the in-
teraction between charged particles and acous-
tic waves. We have derived the secondly quan-
tized Hamiltonian of charged particles which ac-
counts for the effective interaction owing to the
exchange of virtual acoustic waves, cf. Eq. (29).
We have also considered the situation when this
interaction can be attractive. In Sec. 6 we
have discussed the attractive interaction between
charged particles in details and have shown that
it can result in the transformation of the ground
state of the system. We have demonstrated that
charged particles, which are supposed to be 1/2-
spin fermions, tend to form singlet bound states
which are more favorable energetically. This
phenomenon is analogous to the formation of
Cooper pairs in a metal, that results in the metal
superconductivity.
In Sec. 7 we have discussed the possible ap-
plications of the pairing of charged particles in
plasma owing to the exchange of virtual acous-
tic waves. Firstly, we have considered the case
of a very dense plasma corresponding to the in-
ner crust of NS. It has been shown that protons
in NS matter can form pairs. This result is in
agreement with the previous findings that pro-
ton superconductivity may well happen in the
NS matter. Secondly, we have studied the pos-
sibility of pairing of singly ionized water ions
inside a plasmoid in the terrestrial conditions.
We have shown that this phenomenon can hap-
pen provided a plasma structure is created in
a liquid water and the density of ions is quite
high. We have also considered the implication of
our results to the theoretical description of stable
natural plasma objects as well as to the resent
experiments where plasmoids were generated in
electric discharged in water.
We have obtained that the pairing is unlikely
to occur in the electron component of plasma. It
happens because of the quite high frequency of
electron oscillations. Thus electrons will excite
acoustic waves ineffectively. Moreover we should
take into account the higher electron tempera-
ture compared to that of ions. It means that
the formation of bound states of electrons will
be washed out by their thermal motion. This
result is consistent with the claim of the authors
of Ref. [23] who found that the exchange of an
acoustic wave leads to the cohesion of ions rather
than electrons.
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